RESTICTED ALGEBRAS ON INVERSE SEMIGROUPS II, 
POSITIVE DEFINITE FUNCTIONS 

MASSOUD AMINI, ALIREZA MEDGHALCHI 

Abstract. The relation between representations and positive definite func- 
tions is a key concept in harmonic analysis on topological groups. Recently 
this relation has been studied on topological groupoids. This is the second in 
a series of papers in which we have investigated the concept of "restricted" 
positive definite functions and their relation with representations. 



1. Introduction. 

In [1] we introduced the concept of restricted representations for an inverse semi- 
group S and studied the restricted forms of some important Banach algebras on 
S. In this paper, we continue our study by considering the relation between the 
restricted positive definite functions and retricted representations. In particular, we 
prove restricted versions of the Godement's characterization of the positive definite 
functions of finite support (Theorem 2.1). These results are used in a forthcoming 
paper to study the restricted forms of the Fourier and Fourier-Stieltjes algebras on 
an inverse semigroup S [2]. 

All over this paper, S denotes a unital inverse semigroup with identity 1. Let 
us remind that an inverse semigroup S is a discrete semigroup such that for each 
s € S there is a unique element s* <E S such that 

ss s = s, s ss = s . 

The set E of idempotents of S consists of elements the form ss*, s S S. E is a 
commutative sub semigroup of S. There is a natural order < on E defined by 
e < / if and only if ef = e. A ^-representation of S is a pair {7r,7i w } consisting 
of a (possibly infinite dimensional) Hubert space K T and a map ir : S — ► B{TL- K ) 
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satisfying 

ir(xy) = n(x)n(y), tt(x*) = tt(x)* (x, y e S), 

that is a *-semigroup homomorphism from S into the inverse semigroup of partial 
isometries on H n . We loosely refer to tt as the representation and it should be 
understood that there is always a Hilbert space coming with w. Let X = S(S') be 
the family of all ^representations tt of S with 

H :=sup||7r(x)|| <1. 

For 1 < p < oo, £ p (5) is the Banach space of all complex valued functions / on S 
satisfying 

ii/iIpHEi/wi p )"<^ 

For p = oo, £°°(S) consists of those / with ||/||oo := sup xeS \f(x)\ < oo. Recall 
that is a Banach algebra with respect to the product 

st—x 

and £ 2 (S) is a Hilbert space with inner product 

</,.9>=E/( a; )^) (f,9e£ 2 (S)). 

Let also put 



f(x)=f(x*),f(x)=f(x*), 

for each / e (1 < p < oo). 

As in [1] let us introduce the associated groupoid of an inverse semigroup S. 
Given x,y € S, the restricted product of x,y is xy if x*x = yy* , and undefined, 
otherwise. The set S with its restricted product forms a groupoid, which is called 
the associated groupoid of S and we denote it by S a . If we adjoin a zero element 
to this groupoid, and put 0* = 0, we get an inverse semigroup S r with the 
multiplication rule 



x» y 



xy if x*x = yy* 

(x,yeSU{0}), 

otherwise 
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which is called the restricted semigroup of S. A restricted representation 

{n, Hn} of S is a map tt : S — > B{TL n ) such that tt(x*) = n(x)* (x e S) and 



n(x)n(y) 



n(xy) if x*x = yy* 

{x,ye S). 

otherwise 



Let E r = S r (5) be the family of all restricted representations n of S with 
||7r|| = sup^gg ||7r(a;)|| < 1- It is not hard to guess that S r (S l ) should be related to 
S(5 r ). Let £ (SV) be the set of all tt e £(SV) with tt(0) = 0. Note that S (5 r ) 
contains all cyclic representations of S r . Now it is clear that, via a canonical 
identification, H r (S) = Eo(S r ). Two basic examples of restricted representations 
are the restricted left and right regular representations A r and p r of S [1]. For each 
t,riel\S) put 

x*x=yy* 

then (f 1 (S'), •,") is a semisimple Banach *-algebra [1] which is denoted by (-\{S) 
and is called the restricted semigroup algebra of S. 

2. Reduced positive definite functions 

A bounded complex valued function u : S — ► C is called positive definite if 
for all positive integers n and all c\, . . . , c n £ C, and x\, . . . , x n £ S, we have 

n n 

^2^2ciCjU(x*Xj) > 0, 

i=l i=l 

and it is called restricted positive definite if for all positive integers n and all 
Ci, . . . , c„ e C, and ii,...,s n e S, we have 

n n 

^^CiCjiXriXiWiXj) > 0. 

»=i i=i 

We denote the set of all positive definite and restricted positive definite functions 
on S by P(S) and P r (S), respectively. The two concepts coincide for (discrete) 
groups. 

It is natural to expect a relation between P r (S) and P(S r ). Before checking 
this, note that S r is hardly ever unital. This is important, as the positive definite 
functions in non unital case should be treated with extra care [5] . Let us take any 
inverse semigroup T with possibly no unit. Of course, one can always adjoin a unit 
1 to T with 1* = 1 to get a unital inverse semigroup T 1 =TU{1} (if T happened 
to have a unit we put T 1 = T). However, positive definite functions on T do not 
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necessarily extend to positive definite functions on T 1 . Following [5], we consider 
the subset P e (T) of extendible positive definite functions on T which are those 
u e P{T) such that u = u and there exists a constant c > such that for all n > 1 
, X! , . . . , x n e T and a, . . . , c n e C, 



If t : £°°(T) — > ^(T)* is the canonical isomorphism, then t maps P e (T) onto 
the set of extendible positive bounded linear functionals on i 1 (T) (those which are 
extendible to a positive bounded linear functional on ^(T 1 )) and the restriction of r 
to P e (T) is an isometric affine isomorphism of convex cones [5, 1.1]. Also the linear 
span B e (T) of P e (T) is an algebra [5, 3.4] which coincides with the set of coefficient 
functions of ^representations of T [5, 3.2]. If T has a zero element, then so is T 1 . 
In this case, we put P (T) = {u e P(T) : u(0) = 0} and P , e ( T ) = p o( T ) H P e {T). 
To each u e P e {T), there corresponds a cyclic ^-representation of £ 1 (T 1 ) which 
restricts to a cyclic representation of T (see the proof of [5, 3.2]). Let u> be the 
direct sum of all cyclic representations of T obtained in this way, then the set of 
all coefficient functions of u> is the linear span of P e {T) [5, 3.2]. We call w the 
universal representation of T. 

All these arrangements arc for T = S r , as it is an inverse 0-semigroup which is 
not unital unless S is a group. We remind the reader that our blanket assumption 
is that S is a unital inverse semigroup. From now on, we also assume that S has 
no zero element (see Example 2.1). 

Lemma 2.1. The restriction map r : Po(S r ) — > P r (S) is an affine isomorphism of 
convex cones. 

Proof Let u e P{S r ). For each n > 1 , x\, . . . , x n £ S r and a, . . . , c n G C, we 
have 



n n n 



\Y, c M x i)\ 2 < c^Z^ZciCjuixlxj). 



l—l l—l j—1 



n 



n 




in particular if u G Po(S r ), then 



n 



n 



n 



n 




so r maps Po(S r ) into P r (S). 
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t is clearly an injective affine map. Also if u € P r {S) and v is extension by zero 
of u on S r , then from above calculation applied to v, v <G Po(S r ) and t(v) — u, so 
r is surjective. □ 

It is important to note that the restriction map r may fail to be surjective when 
S already has a zero element. 

Example 5.1. If S = [0, 1] with discrete topology and operations 

xy = max{x, y}, x* = x (0 < x, y < 1). 

Then S is a zero inverse semigroup with identity. Here S r = S, as sets, P(S) = 
{u : u > 0, uis decreasing} [3], but the constant function u = 1 is in P r (S). This in 
particular shows that the map r is not necessarily surjective, if S happens to have a 
zero element. To show that 1 € P r (S) note that for each n > 1, each c\, . . . , c„ e C, 
and each a;i, . . . a;„ e S 1 , if yi, . . . , yk are distinct elements in {xi, . . . , x n }, then for 
J; := {j : 1 < j < n,Xj — y{\, we have Jj = J;, whenever i e J;, for each 
1 < i, I < k. Hence 

n n k 

i,j=l i=l £Cj=£Ci /=1 igj; j'eJi 

= E(E^E^) = EIE c *l a ^°- 

1=1 ieJi je.Ji i=i ieJi 

Notation 2.1. Let P , e (S r ) be the set of all extendible elements of Po(S r ). This 
is a subcone which is mapped isomorphically onto a subcone P r ^(S) by t. The 
elements of P r , e (S) are called extendible restricted positive definite functions 
on S. These are exactly those u G P r {S) such that u = u and there exists a constant 
c > such that for all n > 1 , x\, . . . , x n £ S and c\, . . . , c n £ C, 

n 

\^2 i C i u{x i )\ 2 < C Y CiCjU^Xj). 

Proposition 2.1. There is an affine isomorphism t of convex cones from P r ^ e (S) 
onto 

£l(sy + ~ (cJo)| = {/ e e°°(Srh ■ /(o) = 0} - t^(s r ) + . 

Proof The affine isomorphism £l(S)+ ~ £^(8^+ is just the restriction of the 
linear isomorphism of [1, Proposition 4.1] to the corresponding positive cones. Let 
us denote this by T3. In Notation 2.1 we presented an affine isomorphism T2 from 
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Pe,e{S r ) onto P r ^ e (S). Finally [5, 1.1], applied to S r , gives an affine isomorphism 
from P e (S r ) onto £°°(S r )+, whose restriction is an affine isomorphism t\ from 
Po,e(S r ) onto £g°(»SV) + . Now the obvious map r, which makes the diagram 

PoASr) — ^ Wr) + 



PrAS) > ilfflX 

T 

commutative, is the desired affine isomorphism. □ 
In [3] the authors developed harmonic analysis on topological foundation *- 
semigroups (which include all inverse semigroups) and in particular studied positive 
definite functions on them. Our aim in this section is to develop a parallel theory for 
the restricted case, and among other results prove the generalization of the Godc- 
ment's characterization of positive definite functions on groups [4] in our restricted 
context (Theorem 2.1). 
For F,GCS, put 

F»G = {st: s G F,t G G, s*s = tt*}. 
This is clearly a finite set, when F and G are finite. 

Lemma 2.2. If S is an inverse semigroup and /, g € (- 2 {S), then supp(.f • g) = 
(supp/) • (suppg)*. In particular, when f and g are of finite supports, then so is 

f*9- 



Proof / • g(x) = f( x y)9(y) 7^ if and only if xy G supp(/), for some 

y G supp(g) with x*x — yy* . This is clearly the case if and only if x = st*, 
for some s G supp(f) and t G supp(g) with s*s = t*t. Hence supp(/ • g) = 
(supp/) • (supp g)*. □ 

The following lemma follows from the fact that the product / • g is linear in each 
variable. 

Lemma 2.3. (Polarization Identity) For each f,g G (- 2 {S) 

4/ • g = (/ + g) • (/ + g) - (/ - g) • (/ - g) 

+ i(f + ig) • (/ + ig) - i(f - ig) • (/ - ig) , 

where i = V^T. □ 
Lemma 2.4. For each ip G P r j(S), we have p r (<fi) > 0. 
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Proof For each x,y e S 

< p r ((p)S x ,Sy > = ^2p r ((p)S x (z)8 y (z) = p r (<p)6 x (y) = ^ip{z)p r {z)5 x {y) 

Z Z 

= £ ^P{z)8 x {yz). 

zz*=y*y 

Now if xx* = yy* then for z = y*x we have zz* — y*xx*y = y*y and conversely 
zz* = y*y and x — yz imply that z — zz* z = y*yz — y*x, and then x — yy*x and 
xz* = y, so y = xz* = xx*y, that is yy* = xx*yy* = yy*xx* = xx* . Hence the last 
sum is ip(y*x) if xx* — yy* , and it is zero, otherwise. Summing up, 

< pr(if)S x ,6y >= (X r (y)<p)(x). 

Now for £ = X)"=i a i&x t € ( 2 f{S), we get 

n n 

< Pr(f)L£, >= £ a ' S J < Pr(<P)^x t ,S Xj >= £ a l a j {\ r {x j )ip){x i ) > 0. 

□ 

Lemma 2.5. a&ove notation, 

K{f)p r {g) = Pr{g)~K{.f), 

for each f,g G ^(S). 

Proof Given f,g e ^(S 1 ) and £ e £ 2 (5), put 77 = p r ( ff )^ and C = A r (/)£, then 
77, C € ^(S 1 ) and for each x £ S, 

yes 

= £ KvMv'*)= £ /(y)£ff(«)(Pr(u)0(irs) 

yy*=xx* yy*=xx* u£S 

= E /(f) E 

yy*—xx* uu* —x*yy M x 

= E /(f) E 

yy*—XX M UU*—X*X 
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and 

Pr{g)K(f)t(x) = ^ g{u){p r (u)(){x) = ^ g{u)((xu) 

UdzS uu*=x*x 

= E s(«)£/(i/)(My)OC*«) 

uu*—x*x y£S 

= £ 9(u) E fivw^) 

uu* —x*x yy* —xuu* x* 

= E 9(u) E f(v)t(v*™)> 

uu*=x*x yy*—xx* 

which are obviously the same. □ 

Lemma 2.6. For each n G T, r (S) and each £ € H n , the coefficient function u =< 
tt(.)£,£ > is in P r , e (S). 

Proof For each n > 1, ci, . . . , c„ e C, and xi, . . . , x„ e 5, noting that 7r is a 
restricted representation , we have 

n n 

^^c lCj (A r (i,)(«)(3:j)= E c iCj u(x*x 3 ) 

2 — 1 j — l XiX*—XjX* 

E CjCj < TT^*^)^,^ > 

n n 

»=i i=i 

n n 

»=i i=i 

n 

= HE c ^(^ll2>0, 

and, regarding 7r as an element of Y,(,{S r ) and using the fact that u(0) = 0, we have 

n n 

|£c fc u(x fc )| = I ^ c k < n(x k )(,,£, > I 
fc=l fe=l 



<neii 2 iiE c ^)^i 2 



2 
»=1 
n n 



»=i i=i 

n n 

= na 2 EE^( u )«*^)' 

»=i j=i 
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SO ueP ,e(Sr)=Pr ,e{S)- □ 

The following is proved by R. Godemcnt in the group case [4]. Here we adapt 
the proof given in [6] . 

Theorem 2.1. Let S be a unital inverse semigroup. Given ip G £°°(S), the follow- 
ing statements are equivalent. 

(i) Ifi € Pr,e(S)> 

(ii) There is an £ € £ 2 (S) such that ip = £ • £. 
Moreover if £ is of finite support, then so is ip. 

Proof By above lemma applied to ir = A r , (ii) implies (i). Also if £ e £j(S), 
then by Lemma 2.2, £ • £ is of finite support. 

Conversely assume that <p <G P r ^ e (S). Choose an approximate identity {e Q } for 
£].(S) consisting of positive, symmetric functions of finite support, as constructed 
in [1, Proposition 3.2]. Let p r be the restricted right regular representation of S, 
then by above lemma p r (<p) > 0- Take £ a = p r (<p)^e a € £ 2 (S), then if 1 S S is the 
identity element, then for each a > [3 we have 

Uoc =< P~r(<p)*(e a -ep),p r (<p)^(e a ~ ep) > 

=< Pr{<fi){e a - ep), e a - ep >= <p • (e a - ep) • (e a - ep)(l) 
< \\(f (e a - ep) • (e a - e^Hi = \\<p»(e a - ep)^ -> 0, 

as a, (3 — > oo, where the last equality follows from [1, Lemma 3.2 (ii)]. Hence, 
there is £ € £ 2 (S) such that £ Q — > £ in ^ 2 (5). Now for each t e S 

£•!(*) =< A r (f%£ >= lim < A r (i*) / 5 T .(vj)5e ce , / 5 r (vj)5e Q > 

= lim < /? r (tp)^A r (£*)p r ((^)^e Q , e a >= lim < p r ((f) X r (t*)e a , e a > 

a a 

= lim < \ r (t*)e a , p r ((p)e a >= lim(<p • (e a • A r (i*)e a ))(l) 

a a 

= lim((cp» e Q ) • A r (f*)e Q )(l) = limVVp • e Q )(y)A r (t*)e Q (2/*) 

a a * — ' 

y 

= limVVcp • e Q )(y*)A r (t*)e Q (y) = lim V7e Q • <p)(y)X r (t*)e a (y) 

a * — ' a * — * 

y y 
= lim < \ r (t*)e a ,e a • <p >= lime a • (e a • <p)(t) 

a a 

= lime Q • (p • e a (t) — <p(t). 

a 

The last equality follows from the remark after Proposition 3.2 of [1] and the fact 
that \e a »(p» e a (t) — <p(t)\ < \\e a • (p»e a — tp\\i. Hence ip = £ • (£), as required. □ 
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